The multiplicity per rapidity of the well-identified particles π − , π + , k − , k + ,p, p, and p −p measured in different high-energy experiments, at energies ranging from 6.3 to 5500 GeV, are successfully compared with the Cosmic Ray Monte Carlo (CRMC) event generator. For these rapidity distributions, we introduce a theoretical approach based on fluctuations and correlations (Carruthers) and another one based on statistical thermal assumptions (hadron resonance gas model). Both approaches are fitted to the two sets of results deduced from experiments and simulations. We found that the Carruthers approach reproduces well the full range of multiplicity per rapidity for all produced particles, at the various energies, while the HRG approach fairly describes the results within a narrower rapidity-range. While the Carruthers approach seems to match well with the Gaussian normal distribution, ingredients such as flow and interactions should be first incorporated in the HRG approach.
I. INTRODUCTION
Characterizing the particle production is seen as one of the main gaols of the relativistic heavy-ion experiments [1] . By investigating the properties of the different produced particles throughout the various stages of the nuclear collision, essential information on partnoic such as quark gloun-plasma (QGP) and on hadronic phases can be obtained [2] [3] [4] [5] [6] [7] . The sophisticated nuclear process starting from deconfined QGP and going through phase transition into confined hadrons, or vice versa is -among athers -characterized by a final stage, at which the number of the produced particles is conjectured to be fixed (chemically frozen) [8] . The information, which can be deduced from the different experiments such as the ones at the Super Protonsyncrotron (SPS) at CERN, the Relativistic Heavy Ion Collider (RHIC) at BNL, and the Large Hadron Collider (LHC) at CERN, on the characterization of the particle distributions and the dynamical evolution of such strongly interacting systems, for instance, elliptic and radial flow, manifests an essential property of the particle spectra [9] . Various quantities such as particle ratios, transverse mass spectra, and multiplicity per rapidity are also crucial in studying dynamics and different general properties, especially at the freezeout stage [10] .
The rapidity distribution, for example, was studied in different approaches [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] . Assuming superposition of two fireballs along the rapidity axes, the Tsalis-type distribution was assumed to give a successful description for the rapidity distribution [12] . A thermodynamically consistent excluded volume model, in which flow is included, was proposed to well reproduce the rapidity distribution [9, 13] . A relative better description was obtained when longitudinal collective flow and excluded volume corrections have been taken into consideration [15, 16] . Impacts of the hydrodynamic flow have been introduced in refs. [17, 18] . In [19, 20] . In a single statistical thermal freezeout model based on a single set of parameters, the rapidity distribution was fairly analyzed [21] . Also, in a hydrodynamical model with single particle spectra, the rapidity distribution was studied [22, 25] . The rapidity distribution was estimated in hydrodynamic models [23] . Extended statistical hadronization models have been utilized in describing the repidity distribution [24] . In [26, 27] , an extended thermal model is used to calculate particle spectra, at RHIC energies. In ref. [28] , the rapidity distribution was calculated assuming longitudinal hydrodynamic expansion of fluid created in the heavy-ion collisions.
In statistical models [26] [27] [28] [29] [30] [31] , the chemical potential µ was successfully related to the rapidity y.
Accordingly, the rapidity distribuation could be calculated over a wide large range of rapidity [31] .
An extended longitudinal scalling was also introduced to the thermal model [30] .
It is well known that the distributions of the various particles are not isotropic. Thus, it is obvious to conclude that the multiplicity per rapidity calculated within the hadron resonance gas (HRG) model should not convinsingly reproduce the experimental results, especially at a wide range of rapidity [13] .
The inclusion of heavy resonances with their decay channels likely improves the HRG reproduction of the measured rapidity multiplicities. The best HRG results are the ones within small-rapidity region.
The present script presents other alternatives aiming at improving HRG [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] . We also confront our results to the predictions from the Cosmic Ray Monte Carlo (CRMC) event generator [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] , at energies ranging from 6.3 up to 5500 GeV. The CRMC event generator includes various hadronic interaction models such as EPOS1.99 and EPOSlhc models. In this context, We use EPOSlhc hadronic interaction model from high down to low energies.
For rapidity distributions measured in high-energy collisions and/or simulated in CRMC, we propose the utilization of Carruthers approach, which is based on hierarchy of cumulant correlation functions and their linked-pair approximation. This approach assumes an approximate translation invariance and utilizes a linking of averaged factorial moments to the second-order experimental moment in the final state of the particle production. For rapidity histograms, the various bins are assumed being irregular, i.e. they are influenced by fractal attractor or have an intermittent nature. The full range of rapidity (∆y) p can be then divided into smaller hypercubes of size (δy) p and thus the ordinary bin-averaged factorial moments can be determined, which -in turn -can be expressed in a linked-pair approximation. Relating this to the negative binomial distribution makes it possible to propose a specific functional form such as Gaussian or a general exponential for the cumulants.
The present paper is organized as follows. We briefly introduce Carruthers and HRG approaches in section II. The results are discussed in section IV. The conclusions are outlined in section V.
II. MODELS
In this section, we give a brief description for the particle multiplicity as deduced from the HRG approach which is based on statistical thermal assumptions and the Carruthers approach which is based on correlations and fluctuations.
A. HRG approach for rapidity multiplicity
It is widely known that the formation of resonances could be understood as bootstrap, i.e. the fireballs or resonances are demonstrated to be consisting of more smaller fireballs or lighter resonances, which -in turn -are composed of smaller fireballs and lighter resonances etc. For such a system, the thermodynamics quantities can be derived directly from the partition function Z(T, µ, V ). In a Grand canonical ensemble, the partion function reads [1] 
where H is Hamiltonian of the system, N is the total number of constituents. In the HRG model, Eq.
(1) can be expressed as a sum over all hadron resonances 1
where ± stands for bosons and fermions, respectively and ε i = p 2 + m 2 i 1/2 is the dispersion relation of the i-th particle, for which the total number of particles can be obtained as
From Eq. (3), the invariant momentum spectrum of particles emitted from a thermal source can be derived [56, 57] 
where m T is the transverse mass and is given by m T = m 2 + p 2 T , where p T is the transverse momentum. The energy of the i-th particle, ε i , can be then expressed in terms of the rapidity (y) and m T as ε = m T cosh (y). Through integration over the full transverse mass m T , the multiplicity N per rapidity y can be derived,
Eq. (5) can be rewritten as
where T is the freezeout temperature, µ i is the chemical potential which can be related to the beam energy [1, 58] , g i is the degeneracy, and V is the volume of the fireball. Eq. (6) gives the multiplicity per rapidity for hadron states, whereas combination of the trigonometric functions sech and cosh are conjectured to assure Gaussian-like distribution function. In classical statistics, Eq. (6) can be reexpressed as
B. Carruthers approach for rapidity multiplicity Suppose we have a histogram for rapidity, y, describing an event, l, in the rapidity interval ∆y, which is divided into X bins of length δy. Consequently, the rapidity interval reads ∆y = Xδy. In the thermal models, the rapidity density of i-th particle is given as two-particle correlation integral [59] dN l (y) dy = δy ρ ′l (y)dy,
where ρ ′l (y) is the probability density corresponding to the considered regions (fireballs) of the latest (final) hadron yields. This probability density ρ ′l (y) can be expressed as [59] 
in which δ y − y l i counts the avaliable number of points y l i in the known interval δy for l-th event, i.e. δ-function defines the rapidity bin width. For many events, the single particle density dN/dy related to the differential cross-section dσ/dy reads [59] 1
where N l is the total number of particles and σ i is the corresponding cross-section. This can be converted into a statistical ensemble having a probability density ρ(y 1 , y 2 , · · · , y N ) for the distributed points y i , where i = 1, 2, · · · , N stand for particles within th interval ∆y. Thus, Eq. (10) can be rewritten as [59] 1
where ρ q are the rapidity distribution correlation functions and the hat to the summation refers to exclusion of terms with equal indices. Eqs. (11) enable simplified calculations for the integrating the correlations from the fluctuations of the particle multiplicity considering different domains in the rapidity ranges. Assuming a domain Q 2 with equal ranges ∆y of y i , thus Eq. (8) can be rewritten as follows [60] .
For application in high-energy analysis, the factorial moments of the averaged bin for ρ = 2 can be rewritten as [59] Q2
where n k is the number of particles in bin (k). The summation over hypercubes in higher dimensions
When removing the symmetry of low-order density correlations, the cumulants can be used. The correlation functions of the cumulants (c p ) are then to be expressed in terms of correlation densities and vice versa as the follows (number of permutations in the sums are shown in brackets) [60] .
The factorial of cumulant moments (f q ) reads [59] 
and so on, are just integrals of the corresponding cumulants (c p ).
The moments can be then averaged over all bins, X numbers of identical widthes (δy) normalized either to the overall mean number per bin, n =ρδy = X m=1 n m /X or to the local average n m ≡ ρ m δy. These choices are usually referred to as "horizontal" and "vertical" averages, respectively, [59] 
Recalling the factorial cumulants of the averaged bin
It is obvious that when the values of one variable, such as (y 1 ) approaches zero, the dependence on y 2 of the correlated particle could be fitted as an either exponential or Gaussian distribution in order to deduce the cumulant K 2 [59]
where the rapidity density of a source n emitting dyρ access the resultant output from various event-generators for heavy-ion collisions. CRMC interface is also connected to a wide spectrum of models, such as, qgsjet01 [44, 45] , qgsjetII [46] [47] [48] , sibyll [49] [50] [51] and EPOS 1.99/lhc [52, 53] . QGSJET01 and SIBYLL2.3, at low energies. EPOS lhc/1.99, QGSJETII v03 and v04 are the interaction models that can be integrated at high energies.
In the present paper, we utilize the CRMC EPOSlhc event generator which contains various parameters for the primordial observables in high-energy collisions and their phenomenological assumptions.
These can be modified due to theoretical and experimental postulates. It was argued that EPOSlhc is able to give a reasonable description for heavy-ion collisions regarding the generated data from various experiments and aso other event generators [52, 53] .
EPOSlhc was originally constructed for cosmic ray air showers and could be utilized for pp-and AA-collisions, at SPS, RHIC, and LHC energies. EPOSlhc even uses a more simplified treatments for heavy-ion collisions at the last stage of their evolutions and thus can be applied for minimum bias in the interactions between hadrons in the nuclear collisions [62] . EPOSlhc is a parton model with various parton-parton interactions resulting in various parton ladders and provides a good estimation for particle yields, multiple scattering of partons, evaluations of cross-section, shadowing and screening through splitting and unitarization, and various collective effects of hot and dense media. It should be mentioned that EPOSlhc does not consider the simulations for complete hydro system even in the last stage.
In the present work, we utilize EPOSlhc event generator, at energies spanning between 6.3 and 5500 GeV for an ensemble of at least 100, 00 events. We have calculated the multiplicity for π − , π + , k − , k + ,p, p, and p −p in various rapidity windows −6 < y < 6. Proving the validity of the hybrid EPOSlhc event generator, we hope at calculating the multiplicity per rapidity for the considered various hadrons, which is assumed to come up with a novel input for the future facilities NICA and FAIR, for instance.
IV. RESULTS AND DISCUSSION
The present analysis is based on a reproduction of experiments results for the multiplicity per rapidity dN/dy of π − , π + , k − , k + ,p, p, and p −p [32] [33] [34] [36] [37] [38] [39] [40] [41] , at energies ranging between 6.3 and 5500 GeV. We also compare with results deduced from EPOSlhc event generator [52, 53] . Both sets of results are then confronted to the HRG thermal and the Carruthers rapidity approaches, in which the dependence of the freezeout temperature T and the baryon-chemical potential µ B on the centre-of-mass energy √ s NN is taken from ref. [1] .
The present work aims at updating the study of the multiplicity per rapidity in the HRG model.
One of the improvements we are presenting here is the inclusion of various missing states to the wellknow hadron states recently reported by the particle data group [54] . The missing states are hadron resonances which are theoretically predicted [55] , but not yet confirmed, experimentally. Various physical characteristics including masses, and other quantum numbers, etc. are theoretically well known. It was conjectured that these states greatly contribute to the fluctuations and the correlations simulated in the recent lattice QCD calculations [63] . Best reproduction of fluctuations and the correlations are among the main motivations to add these hadron states to the HRG model [64] .
Regardless the corresponding limitations, we intend it check whether the new hadron states contribute to the multiplicity per rapidity of π − , π + , k − , k + ,p, p, and p −p, as the missing states likely come up with additional degrees of freedom and certainly considerable decay channels which might affect the final number of particles produced.
Also the present work introduces a new approach based on Carruthers proposal for hierarchy of cumulant correlation functions and their linked-pair approximation, which satisfactorily characterizes the galaxy correlation and successfully describes the central rapidity domain [59] . The basic idea is an approximate translation invariance and a linking of averaged factorial moments to the second-order experimental moment in the final state of the particle production. As for rapidity histograms, it was assumed that the various bins are likely irregular, i.e. they are influenced by fractal attractor, e.g. intermittence, where the full range of rapidity (∆y) p is divided into smaller hypercubes of size (δy) p . An ordinary bin-averaged factorial moments can be determined, which can then be expressed in linked-pair approximation. This -in turn -can be related to the negative binomial distribution.
For the high-energy collisions, a specific functional form such as Gaussian or an exponential can be proposed for the cumulants or the correlation functions, Eq. (23).
The results obtained are compared with both experiment and event generator. For almost all particles, the dependence of the multiplicity per rapidity dN/dy on the rapidity y was fitted to Gaussian normal distribution function,
where a 0 , a 1 , and a 2 are the fit parameters, Tab. I. For net proton p −p, we use the binomial
in which c 0 , c 1 , c 2 , and c 3 are free parameters, Tab. II. Figure 1 shows the multiplicity per rapidity dN/dy versus y in a semi-log scale. measurements to depict and compare with. The experimental results are fitted to he hadron resonance gas (HRG) approach (dash-dotted curves), Eq. (6) or Eq. (7) and to the Gaussian distribution function (solid curve). For a better comparison, we keep the same dN/dy-and y-scales in all panels devoted to the different particle yields.
There is a general observation that for all particles when the energy decreases, especially from top RHIC down to low SPS, i.e. from 200 down to 6.3 GeV, when disregarding our CRMC-predictions at LHC energies, the statistical fits seem becoming better and better.p and p −p are exceptions. Their fits become worse with decreasing the energy. Also, we generally observe that the HRG model can excellently describe the experimental/simulation results up to a relative narrow range around midrapidity. For a wider y-range, the ability of the HRG model to reproduce the results deduced from the experiments and the simulations becomes more and more worse. These are generic observations, from which final conclusions can be drawn. The goodness of the statistical fits shall be estimated, quantitatively. We find that the results from the CRMC EPOSlhc event generator match well with the experimental results. Accordingly, we present predictions, at LHC energies. Also, we observe that dN/dy for the net-proton p −p seems to have two peaks. This might be understood due to the binomial assumed for this particle yield. For π − , π + , k − , k + ,p, and p, the fit parameters V and m T , i.e. the volume of the fireball and the mass of the particle, respectively, are listed in Tab. I. For net-proton p −p, the corresponding fit parameters as deduced from Eq. (25) are given in Tab. II. Figure 2 shows dN/dy versus y from Caruthers rapidity approach, Eq. (23), and CRMC EPOSlhc event generator compared with the experimental data [32] [33] [34] [36] [37] [38] [39] [40] [41] . We conclude that the results on dN/dy excellently agree well with the CRMC EPOSlhc event generator. The agreement with CRMC is also excellent. The goodness of corresponding fits is outlined in Tab. I.
In light of this, we conclude that the correlations and fluctuations of the particle multiplicity as included in the Carruthers approach are essential for a better reproduction of the rapidity distributions of the various particles. The latter are likely isotropic and hence the overall results apparently match well with the Gaussian normal distribution. The corresponding parameters γ 2 ,ȳ n , and σ m can be related to the resulting fit parameters, γ 2 = a 0 ,ȳ n =a 1 , and σ m =a 2 , Eq. (24).
The multiplicity per rapidity of the well-identified particles π − , π + , k − , k + ,p, p, and p −p measured in various high-energy experiments, at energies ranging from 6.3 to 5500 GeV, are successfully compared to the Cosmic Ray Monte Carlo (CRMC) event-generator. The Carruthers and hadron resonance gas approaches are then fitted to both sets of results. We found that the Carruthers approach reproduces well the full range of multiplicity per rapidity for all produced particles, at the various energies, while the HRG approach fairly describes the results within a narrower rapidity-range. Tab. I: The fit parameters obtained from the HRG approach for rapidity distributions for π − , π + , k − , k + ,p and p, at various energies.
V. CONCLUSIONS
We have calculated the multiplicity per rapidity dN/dy for the well-identified hadrons π − , π + , k − , k + ,p, p, and p −p using two different approaches, namely HRG; a well-known framework based on thermal statistical assumptions and Carruthers approach based on correlations and fluctuations for hierarchy of the cumulant correlation functions and their linked-pair approximation, which in turn could be connected to negative binomial distributions and accordingly Gaussian-or exponential-like expressions for the rapidity distributions have been introduced.
The Carruthers and HRG approaches are then fitted to measurements at energies ranging from Tab. II: The same as in Tab. I but for net-proton p −p.
6.3 to 5500 GeV and to corresponding simulations from the Cosmic Ray Monte Carlo (CRMC) event generator. The excellent agreement between the measurements and the simulations provides us with framework to compare between both approaches. We found that in the full range of rapidity, the multiplicity per rapidity is successfully reproduced in the Carruthers approach. The possible fluctuations and correlations as included in it seem to assure that the produced particles become isotropically distributed. On the other hand, the HRG approach restrictedly reproduces these anisotropic distributions. Accordingly, we conclude that the statistical assumptions alone -as included in the HRG approach -wouldn't be able to apply on a wide range of rapidity. Ingredients assuring fluctuations and correlations, such as flow and interactions, if integrated in the HRG approach would likely assure a better reproduction of the multiplicity per rapidity. 
